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It is shown that a first order transition associated with a jump in the strange quark mass appears
in a generalized 3 flavour Nambu–Jona-Lasinio (NJL) treatment of quark matter. The generalization
of the Lagrangian displays the complete set of spin 0 interactions at leading and subleading orders
(LO and NLO) in 1
Nc
counting, including the recently derived NLO explicit chiral symmetry breaking
interactions which are of the same order as the ’t Hooft flavour determinant. The parameters of the
model are tightly constrained by the low energy characteristics in both the pseudoscalar and scalar
meson sectors. The transition occurs in a moderate chemical potential region (µ ' 400 MeV for
zero temperature) in addition to the usual chiral transition associated with the light quark sector.
This feature has at its root the inclusion of the explicit chiral symmetry breaking interactions, which
therefore can be seen to act as a catalyst in the production of strange quark matter when compared
to the conventional version of the model that takes only into account the ’t Hooft interaction in the
NLO. It can be traced back to the effect of the interactions which do not violate the Okubo-Zweig-
Iizuka rule (OZI), without which the empirical ordering of the scalars (mK? < ma0 ≈ mf0) is not
reproduced.
PACS numbers: 11.30.Qc,11.30.Rd,12.39.Fe,14.65.Bt,21.65.Qr, 25.75.Nq
I. INTRODUCTION
In 1984 Witten [1] conjectures that stable and bound
strange quark matter (SQM) may be formed under spe-
cific conditions (relevant early work in this idea can be
found in [2–6]). The validation of this hypothesis still
remains a challenge as the region of baryonic chemical
potential where it is expected to occur is of difficult ac-
cess in heavy ion experiments and on lattice QCD calcu-
lations. The possibility of windows for stable SQM has
been the subject of a significant number of theoretical
approaches.
The properties of quark matter with comparable den-
sities of up, down and strange quarks in beta equilibrium
are studied in [7] using the Fermi gas model and the MIT
Bag model [8, 9] with extensions to include surface ten-
sion and Coulomb effects.
The subject of quark pair formation at finite densities,
see [10] for a review, was revived in more recent years
with the understanding that at asymptotic high densities
the ground state of cold matter is an electronless state
necessarily composed of Cooper pairs built of quarks from
all colours and flavours, the colour flavour locked (CFL)
phase [11–13]. Away from this perturbative QCD regime
a complex pattern of phases may occur, for reviews see
[14–18].
In [19] a model for the interface between the electron
rich nuclear matter regime and the CFL phase is con-
structed. The windows in Bag model parameter space for
SQM are shown to be much larger with the CFL pairing
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than without pairing [20].
While bound properties of SQM can be very conve-
niently addressed within Bag model studies, the aspects
of SQM formation can be naturally addressed starting
from a detailed scenario of chiral symmetry (χS) break-
ing.
The seminal papers of Nambu–Jona-Lasinio [21, 22]
present a model for dynamical chiral symmetry break-
ing with the fermion anti-fermion condensate as order
parameter in the chiral limit (see also related works [23–
26]). The model, although not renormalizable, and thus
dependent on a cutoff, regained interest as an effective
theory when ’t Hooft derived a fermion interaction rem-
iniscent of the NJL interaction, by eliminating the glu-
onic degrees of freedom of QCD in the semiclassical in-
stanton approximation, which provides a solution to the
UA(1) problem [27, 28]. Furthermore he showd that QCD
can be reduced to an effective meson theory in the large
number of colours (Nc) limit [29]. Early derivations of
effective meson interactions from the NJL model were
obtained by its partial bosonization in [30, 31]. Physi-
cal masses for the related pseudoscalar Goldstones can
be obtained through the inclusion, introduced in [32], of
explicit χS breaking by QCD current quark mass terms.
Effective Lagrangians of low energy QCD operate at
the scale of spontaneous chiral symmetry breaking, of the
order of ΛχSB ∼ 4pifpi [33]. In the NJL model this scale
is also related to the ultra-violet cutoff Λ of the one-loop
quark integral describing the gap equation, above which
non-perturbative phenomena are expected to be less im-
portant. First results that relate the value of Λ which
consistently describes low-energy theorems and meson
observables to ΛχSB were obtained in [32, 34–37]. Since
then the model and its extensions are a landmark in the
study of non-perturbative QCD effects (for reviews see
for instance [38–40]).
Realistic NJL based investigations of SQM require the
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2use of known extensions of the original Lagrangian, ap-
plied to three flavours, which include the 1/Nc suppressed
NLO terms with multi-quark interactions. If one is in-
terested only in the U(1)A breaking effects the exten-
sion includes the six-quark ’t Hooft interactions (NJLH)
[27, 28, 41, 42], considered first in the context of the NJL
model in [43–45]. In this form the model has been exten-
sively applied (see for instance [38, 39, 46–54]).
A more detailed approach can also include an appro-
priate set of SU(3)L × SU(3)R symmetric eight-quark
interactions (NJLH8) [55, 56] completing the number of
vertices which are important in four dimensions for dy-
namical χS breaking as shown in [57, 58] in the mean
field approximation. Furthermore the inclusion of these
terms provides a solution to the instability of the NJLH
effective potential [59]. In the last decade the eight-quark
extension of the model has received much attention (also
in SU(2) flavour space). Although the vacuum properties
remain almost insensitive to the 8q interactions [56], their
effects are remarkable for medium and thermal proper-
ties, see e.g. [60–70], as well as in the presence of a strong
constant magnetic field [71–74]. These findings point to
the relevance of including higher dimension multi-quark
interactions in effective models of the QCD ground state
subject to external conditions.
If one wants also to include at this order the effects
of explicit χS symmetry breaking one should take ad-
vantage of the model recently presented in [75],[76], the
NJLH8m model, where m indicates that the NLO terms
in current quark masses are taken into account in the
effective multi-quark Lagrangian.
Note that the role played by the current quark masses
on phase transitions in hot and dense hadronic matter is
presently a subject of intense study, as they are known
to change the order of the transition or transform it into
a smooth crossover [14].
A thorough understanding of the phase diagram in
terms of the multi-quark interactions will benefit from
further investigations in terms of a renormalization group
approach, which lies, however, beyond the scope of the
present paper.
In this work we address for the first time the problem of
the formation of a SQM phase using a detailed picture of
the χS breaking assembled in the NJLH8m Lagrangian,
in the mean field approximation. We review the model
Lagrangian and introduce the thermodynamic potential
at finite temperature, T , and baryonic chemical poten-
tial, µ, in Section II and study the chiral T −µ phase di-
agram in Subsection III A. The parameters of the model
have been previously fixed at T = µ = 0 in such a way
that the NJLH8m Lagrangian accurately describes the
low-lying spectrum of the pseudoscalar and scalar mesons
[75]. They additionally provide a good description of the
radiative two photon decays of the pseudoscalars and of
the strong two body decays of the scalars [76]. The suc-
cess in the description of such a wide range of low energy
hadronic properties could only be achieved through this
apparently quite natural extension (NJLH8→NJLH8m),
which as we will see, has surprising consequences. In
Subsection III B we address the case study for cold dense
matter in β-equilibrium. The conclusions and further dis-
cussion of the obtained results are presented in Section
IV.
II. THE MODEL
A. The effective Lagrangian
In this Section we give an overview of the Lagrangian
which has been recently obtained in [75, 76]. Relying
on the very general assumption that the scale Λ de-
termines the hierarchy of local multi-quark interactions
which model QCD at low energy, we consider generic
non-derivative vertices Li that contribute to the effective
potential when Λ→∞,
Li ∼ g¯i
Λγ
χαΣβ , (1)
where powers of Λ give the correct dimensionality of the
interactions. The couplings g¯i are dimensionless whereas
unbarred quantities gi =
g¯i
Λγ will be used to denote the
dimensionful couplings. The Li are C, P, T and chi-
ral SU(3)L × SU(3)R invariant blocks, built of powers
of the external sources χ and of the U(3) Lie-algebra
valued fields Σ = (sa − ıpa) 12λa, expressed in terms of
the spin zero quark bilinears sa = q¯λaq, pa = q¯λaıγ5q,
and a = 0, 1, . . . , 8, λ0 =
√
2/3 × 1, λa being the stan-
dard SU(3) Gell-Mann matrices for 1 ≤ a ≤ 8. With
the sources χ having the same transformation properties
as Σ, all the building blocks are in conformity with the
symmetry constraints. At the end one is free to chose
the external source to obtain a consistent set of explicit
breaking chiral symmetry terms.
The interaction Lagrangian without external sources χ
is well known,
Lint =
G¯
Λ2
tr
(
Σ†Σ
)
+
κ¯
Λ5
(
det Σ + det Σ†
)
+
g¯1
Λ8
(
tr Σ†Σ
)2
+
g¯2
Λ8
tr
(
Σ†ΣΣ†Σ
)
. (2)
It contains four dimensionful couplings G, κ, g1, g2, which
refer to the NJL, ’t Hooft flavour determinant and eight-
quark interactions referred to previously.
Turning now to the source dependent vertices, the fol-
lowing eleven terms were obtained in [75, 76] for the gen-
3eralized effective multi-quark Lagrangian,
Lχ =
10∑
i=0
Li,
L0 = −tr
(
Σ†χ+ χ†Σ
)
,
L1 = − κ¯1
Λ
eijkemnlΣimχjnχkl + h.c.
L2 =
κ¯2
Λ3
eijkemnlχimΣjnΣkl + h.c.,
L3 =
g¯3
Λ6
tr
(
Σ†ΣΣ†χ
)
+ h.c.
L4 =
g¯4
Λ6
tr
(
Σ†Σ
)
tr
(
Σ†χ
)
+ h.c.,
L5 =
g¯5
Λ4
tr
(
Σ†χΣ†χ
)
+ h.c.
L6 =
g¯6
Λ4
tr
(
ΣΣ†χχ† + Σ†Σχ†χ
)
,
L7 =
g¯7
Λ4
(
trΣ†χ+ h.c.
)2
L8 =
g¯8
Λ4
(
trΣ†χ− h.c.)2 ,
L9 = − g¯9
Λ2
tr
(
Σ†χχ†χ
)
+ h.c.
L10 = − g¯10
Λ2
tr
(
χ†χ
)
tr
(
χ†Σ
)
+ h.c. (3)
Putting finally χ = 12diag(νu, νd, νs) this set contains all
the explicitly breaking chiral symmetry terms relevant at
the scale of spontaneous symmetry breaking.
The standard mass term of the free Lagrangian (con-
tained here in L0) is only a part of a more complicated
picture arising in effective models beyond leading order
[77]. Chiral perturbation theory [78–81] is a well-known
example of a self consistent assembling of the mass terms,
order by order, in an expansion in the masses themselves.
From the point of view of symmetry content, were
the Σ fields chosen to represent pointlike spin-0 mesonic
fields (of energy dimension [Σ] = E) instead of the quark
bilinears ([Σ] = E3), Lint (with accordingly adjusted
dimensions of the couplings) would correspond to the
Linear Sigma Model [82] interaction Lagrangian with-
out fermions and the addition of Lχ would provide a
generalization thereof. The composite/structureless na-
ture of the fields has however deep consequences for the
difference in dynamics and renormalization of both ap-
proaches.
We thus get the effective multi-quark Lagrangian rele-
vant at the scale of dynamical chiral symmetry breaking
as
Leff = ıq¯∂
µγµq + Lint + Lχ. (4)
One may ask how it relates to the powerful large Nc
classification. We have obtained (for details please see
[75, 76]) that exactly the diagrams which survive as Λ→
∞ also surive as Nc →∞ with the following assignments:
Σ ∼ Nc; Λ ∼ N0c ∼ 1; χ ∼ N0c ∼ 1 1.
The following usual requirements are fulfilled:
(i) the leading quark contribution to the vacuum en-
ergy from 4q interactions is of order Nc, thus G ∼
1
Nc
;
(ii) the 6q UA(1) anomaly is suppressed by one power
of 1Nc , κ ∼ 1N3c ;
(iii) Zweig’s rule violating effects are always of order 1Nc
with respect to the leading contribution.
(iv) Non OZI-violating Lagrangian pieces scaling as
N0c represent NLO contributions with one internal
quark loop in Nc counting; their couplings encode
the admixture of a four quark component q¯qq¯q to
the leading q¯q contribution at Nc →∞.
At LO in 1/Nc only the 4q interactions (∼ G) in eq. (2)
and L0 contribute. All other terms in the Lagrangian are
NLO and of the same order as the ’t Hooft determinant.
As a consequence a whole plethora of interactions comes
into play, competing with or enhancing the effects of the
axial U(1)A symmetry breaking ascribed to the ’t Hooft
determinant. The NLO interactions are classified in two
groups, the ones that trace the Zweig’s rule violation and
are proportional to κ, κ1, κ2, g1, g4, g7, g8, g10 and those
with the admixture of qqqq and qq quark states going
with g2, g3, g5, g6, g9.
These interactions are of the utmost importance for
the successful fit of the scalar spectrum and allow us to
establish a bridge between our Lagrangian approach and
the methods which consider explicitly meson loop correc-
tions, tetraquark configurations and so on [83–96].
From the 18 model parameters, 3 of them (κ1, g9, g10)
contribute to the current quark masses mi, i = u, d, s and
express the Kaplan-Manohar ambiguity [97]. They can
be set to 0 without loss of generality leading to νi = mi.
One ends up with 5 parameters needed to describe the
LO contributions (the scale Λ, the coupling G, and the
mi) and 10 in NLO ( κ, κ2, g1, . . . , g8). The increase in
the number of parameters at NLO is a common feature
in any effective Lagrangian approach. The parameters
are controlled on the theoretical side through the sym-
metries of the Lagrangian and on the phenomenological
side through the low energy characteristics of the pseu-
doscalar and the scalar mesons.
The motivation for the present work resides in the de-
sire to understand the impact of the new NJLH8m terms
in the thermodynamical properties of the model. Once
one accepts that the contribution of the subleading in Nc
counting ’t Hooft interaction can be taken at tree mesonic
level without consideration of mesonic loop corrections
which act at the same subleading order in Nc (the usual
1 The counting for Λ is a direct consequence of the gap equation
1 ∼ NcGΛ2.
4approach), it is not only reasonable but mandatory to
include at the same level of approximation all terms that
contribute at the same order as the ’t Hooft term in
the tree level mesonic Lagrangian. The terms which are
taken into account are the leading ones in their class.
The bosonization of the quark Lagrangian (4) is carried
out by path integral techniques. Using a functional iden-
tity [45] a set of physical scalar and pseudoscalar fields
σ = σaλa, φ = φaλa is introduced in addition to the aux-
iliary bosonic variables sa = q¯λaq, pa = q¯iγ5λaq and the
Lagrangian is equivalently rewritten in a semi-bosonized
form as
L = q¯ (iγµ∂µ − σ − iγ5φ) q + Laux, (5)
Laux = saσa + paφa − sama + Lint(s, p) +
8∑
i=2
L′i(s, p,m),
where the last sum collects all terms of Lχ expressed with
auxiliary variables s, p, except L0 (now explicitly shown
as sama) and the terms which are set to zero using the
freedom given by the Kaplan-Manohar ambiguity.
Integrating out the quarks and the sa, pa fields and af-
ter performing a shift in the scalar field σ → σ+M, such
that the new σ-field has a vanishing vacuum expectation
value, 〈σ〉 = 0, in the spontaneously broken phase, one
obtains an effective mesonic Lagrangian,
Lbos =Lst + Lhk,
Lst =haσa + h
(1)
ab
2
σaσb +
h
(2)
ab
2
φaφb
+ σa(
1
3
+ h
(1)
abcσbσc + h
(2)
abcφbφc) +O(field4),∫
d4xELhk =1
2
ln|detD†EDE | = Whk(σ, φ)
=−
∫
d4xE
32pi2
∞∑
i=0
Ii−1tr(bi),
b0 =1, b1 = −Y,
b2 =
Y 2
2
+
λ3
2
∆udY +
λ8
2
√
3
(∆us + ∆ds)Y, . . . ,
Y =iγα(∂ασ + iγ5∂αφ) + σ
2 + {M, σ}+ φ2+
iγ5[σ +M, φ], (6)
with the constituent quark mass matrix denoted byM =
diag(Mu,Md,Ms) and ∆ij = M
2
i −M2j .
The Lst is the result of the stationary phase integra-
tion at leading order over the auxiliary bosonic variables
sa, pa, shown as a series in growing powers of σa and φa.
The coefficients h
(i)
ab... in Lst are obtained recursively from
ha (which are related to the condensates).
The quantity Whk results from the Gaussian integra-
tion over the quark bilinear form in the heat kernel ap-
proach, that appropriately takes into account the quark
mass differences [98, 99]. The Laplacian in euclidean
space-time D†EDE =M2−∂2α+Y is associated with the
euclidean Dirac operator DE = iγα∂α −M− σ − iγ5φ.
The kinetic terms for the σ and φ fields are generated
radiatively through Whk. The quantities Ii are the arith-
metic averages Ii =
1
3
∑
f=u,d,s Ji(M
2
f ) over the 1-loop
euclidean momentum integrals Ji with i + 1 vertices
(i = 0, 1, . . .) :
Ji(M
2) =16pi2Γ(i+ 1)
∫
d4pE
(2pi)4
ρˆΛ
1
(p2E +M
2)i+1
(7)
=16pi2
∫
d4pE
(2pi)4
∫ ∞
0
dτ ρˆΛτ
ie−τ(p
2
E+M
2).
They can be evaluated with a covariant regulator,
ρˆΛ
(
τΛ2
)
= 1− (1 + τΛ2)e−τΛ2 , (8)
corresponding to two Pauli-Villars subtractions in the
integrand [100, 101] (previously used for instance in
[56, 61, 75, 76, 102, 103]).
We consider only the dominant contributions to the
heat kernel series, up to b2 for the meson spectra and
strong decays. These involve the quadratic and logarith-
mic in Λ quark loop integrals I0 and I1 respectively. The
J−1 integral can be easily obtained through the relation:
J−1(M2) = −
∫ M2
0
J0(α
2)dα2. (9)
B. Model thermodynamic potential
The thermodynamic potential of the model Lagrangian
is given in the mean field approximation by:
Ω =Vst +
∑
i
Nc
8pi2
J−1(Mi, T, µi), (10)
where the index refers to the sum over flavours i = u, d, s.
The Dirac and Fermi sea contributions to the part
stemming from the fermionic path integral, Jvac−1 and
Jmed−1 , can be written as [64, 102]:
J−1 =Jvac−1 + J
med
−1 ,
Jvac−1 =
∫
d4pE
(2pi)4
∫ ∞
0
dτ
τ
ρ
(
τΛ2
)
16pi2
×
(
e−τ(p
2
0E+p
2+M2) − e−τ(p20E+p2)
)
,
Jmed−1 =−
∫
d3p
(2pi)3
16pi2T
(Z+ + Z−)∣∣M
0
+ C(T, µ),
Z± =log
(
1 + e−
E∓µ
T
)
− log
(
1 + e−
EΛ∓µ
T
)
− Λ
2
2TEΛ
e−
EΛ∓µ
T
1 + e−
EΛ∓µ
T
,
C(T, µ) =
∫
d3p
(2pi)3
16pi2T
× log
((
1 + e−
|p|−µ
T
)(
1 + e−
|p|+µ
T
))
(11)
5where E =
√
M2 + p2 and EΛ =
√
E2 + Λ2. The |M0
notation refers to the subtraction of the same quantity
evaluated for M = 0, which is done so as to set the zero
of the potential to a uniform gas of massless quarks (it
amounts to a subtraction of a constant). The C(T, µ)
term is needed for thermodynamic consistency [64]
The stationary phase contribution coming from the in-
tegration over the auxiliary bosonic fields, Vst, is evalu-
ated using standard techniques [102] and is given by:
Vst =
1
16
(
4G
(
h2i
)
+ 3g1
(
h2i
)2
+ 3g2
(
h4i
)
+ 4g3
(
h3imi
)
+ 4g4
(
h2i
)
(hjmj) + 2g5
(
h2im
2
i
)
+ 2g6
(
h2im
2
i
)
+ 4g7 (himi)
2
+ 8κhuhdhs
+ 8κ2 (muhdhs + humdhs + huhdms)
)∣∣∣∣Mi
0
, (12)
where hi (i = u, d, s) are twice the quark condensates
and mi the current masses (a summation over the i, j
flavour indices in Vst is implicit).
The stationary phase conditions which relate the dy-
namical masses to the condensates,
∆f =Mf −mf (13)
=−Ghf − g1
2
hf (h
2
i )−
g2
2
(h3f )−
3g3
4
h2fmf
− g4
4
(
mf
(
h2i
)
+ 2hf (mihi)
)− g5 + g6
2
hfm
2
f
− g7mf (himi)− κ
4
tfijhihj − κ2tfijhimj ,
where tfij corresponds to the totally symmetric quan-
tity with nonzero components tuds = 1, are solved self-
consistently with the gap equations which correspond to
the minimization of the thermodynamic potential (im-
plicit summation over i, j).
III. RESULTS AND DISCUSSION
A. T − µ phase diagram
Fitting the model parameters to properties of the low
lying scalars and pseudoscalars (as seen in Table I) the
most remarkable feature of the µ − T phase diagram,
when compared to NJLH and NJLH8 ([60, 61, 64]), is
the appearance of a second 1st order transition line2 as
seen in Fig.1. A realistic fit to the spectra appears to
imply this feature as it also occurs when using the pa-
rameter sets previously reported in [76] (see Table II).
2 In the NJLH model, two critical lines occur only for unphysi-
cally small values of κ and mu 6= ms [14] otherwise a crossover
behaviour for the 2nd transition prevails.
Furthermore it is also unaffected by a change in the reg-
ularization scheme as is exemplified by the choice of a 3D
cutoff which results in a relatively small shift of the first
order transition lines to higher chemical potential (see
parameter set f in Table II). For the remaining results
presented in this paper the Pauli-Villars regularization
scheme with the parameter set from the top row of Table
I is used.The appearance of this additional line is some-
what surprising as usually an increase in finite current
mass terms has the effect of smoothing out the transi-
tion behaviour.
We trace back the existence of two critical lines mainly
to the ordering mK? < ma0 ≈ mf0 in the low lying scalar
meson spectrum3. It has been shown analytically that
the parameter g3 plays a pivotal role in the assignment
leading to the empirical masses of these mesons [75, 76].
The coupling g3 is associated to a non OZI-violating term
(see Subsection II A and Equations 12 and 13) which
counterbalances the flavour mixing ’t Hooft interaction:
we note, for instance, that by fitting the meson mass
spectrum and weak decay constants to the values shown
in Table I, but relaxing the constraint for mK? , a second
critical endpoint (CEP) is still present for mK? ' 953
MeV (obtained by fixing g3 = −1600 GeV−6), but an
increase to values closer to ma0 = 980 MeV such as
mK? ' 972 MeV (g3 = −800 GeV−6) leads to its disap-
pearance as the additional first order transition changes
into a crossover. It is the non-OZI violating character
of g3, not its explicit symmetry breaking, which matters
the most in this consideration 4.
That this transition is strongly correlated with the
scalar sector should not be very surprising, being the
scalars the carriers of the quantum numbers of the vac-
uum. Given the rather successful description of the scalar
sector (in addition to the pseudoscalars), ideal model con-
ditions are thus provided to investigate the response of
the vacuum subject to external conditions. In this way we
expect to get a more complete picture of the role played
by the explicit symmetry breaking interactions on the
chiral transitions of the phase diagram.
As the light and strange sectors are coupled by the
OZI-violating interactions, all the quark masses are af-
fected simultaneously by the two transitions (henceforth
we will use the subscript I/II when referring to the
one occurring at lower/higher µ). Nevertheless a corre-
spondence can be made between the transitions I/II and
light/strange quarks as the chemical potential at which
they occur at T = 0 is relatively close to Ml(0) and
Ms(µ
I
crit), respectively, and the jump is highly unequal
in intensity (see Figs. 2).
3 In contradiction with this empirical observation the calculated
scalar spectrum in the absence of the explicit χS-breaking in-
teractions usually displays the ordering ma0 < mK? < mf0
[53, 56].
4 If all flavor mixing terms were switched off the two sectors would
decouple and two critical lines are obtained in the phase diagram.
6Table I. Model parameters obtained using a regularization kernel with two Pauli-Villars subtractions in the integrand and using
a 3D cutoff, in the first and second row respectively (see [101, 104]), given in the following units: [Λ] = MeV, [G] = GeV−2,
[κ2] = GeV
−3, [g5] = [g6] = [g7] = [g8] = GeV−4, [κ] = GeV−5 and [g3] = [g4] = GeV−6, [g1] = [g2] = GeV−8. For their
fitting we used the current quark masses values mu = 4 MeV, ms = 100 MeV and the empirical input presented in the bottom
row (meson masses and weak decays in MeV, pseudoscalar and scalar mixing angles, θps and θs, in degrees). From the self-
consistent resolution of the gap equations we obtain Mu = 375 MeV, Ms = 546 MeV for the constituent quark masses in the
PV regularization scheme and Mu = 394 MeV, Ms = 637 MeV in the 3D case.
G κ κ2 g1 g2 g3 g4 g5 g6 g7 g8 Λ
9.834 -122.9 6.189 4436.7 211.0 -6647 1529 215.4 -1666 29.81 -63.20 0.8275
8.731 -51.9 1.569 1009.9 411.8 -2723 768 113.0 -1162 -10.31 -85.13 0.6511
fpi fK θps θs mpi mK mη mη′ ma0 mK? mσ mf0
92 113 -12 27.5 138 494 547 958 980 850 500 980
Table II. CEPs (position given as {µ, T}) and the critical chemical potential, µcrit, at T = 0 (sets a, b, c and d from [76]; set
e and f from Table I) for both transitions. All values are given in MeV. As one can see, comparing the results pertaining sets
e and f, the position of the critical lines is almost unaffected by the use of a 3D hard cutoff in momentum space instead of
Pauli-Villars regularization.
Set CEPI µ
I
crit|T=0 CEPII µIIcrit
∣∣
T=0
a {234.5, 96.1} 332.0 {282.2 , 109.4} 410.6
b {233.4, 96.7} 332.0 {279.5 , 110.4} 410.0
c {272.1, 85.5} 343.6 {300.4 , 109.3} 423.6
d {246.0, 90.7} 332.8 {319.0 , 107.0} 434.8
e {194.2, 104.7} 319.1 {307.8 , 106.2} 425.5
f {216.2, 102.3} 331.5 {317.1 , 108.3} 442.0
At T = 0 the first order transitions occur at µI =
0.319 GeV and µII = 0.426 GeV connecting the phases
with baryon number densities, ρ = (ρu + ρd + ρs) /3,
given by:
{
ρ−I , ρ
+
I
}
= {0, 1.664} ρ0 and
{
ρ−II , ρ
+
II
}
=
{3.984, 5.643} ρ0 (for the nuclear saturation density we
use ρ0 = 0.17 fm
−3; the subscript −/+ refers to low/high
density).
For intermediate densities the system can be described
by a mixture with a volume fraction, 0 < α < 1, occupied
by the higher density phase. For densities in the range
ρ−I < ρ < ρ
+
I , for instance, we expect a partial occupa-
tion of the volume by the zero pressure ρ+I phase (with
an energy per baryon of E/A = 958 MeV) in equilib-
rium with the vacuum. Pressure and chemical potential
remain constant in this mixed phase regime.
B. β-equilibrium case study
To have a better understanding of the consequences of
these two critical lines on the formation of SQM we now
focus on charge neutral quark matter at T = 0 subject
to β-equilibrium, a case study of relevance for compact
stars. Including charge neutrality this results in the con-
ditions:
µu = µ− 2
3
µe
µd = µs = µ+
1
3
µe
0 =
2
3
ρu − 1
3
(ρd + ρs)− ρe (14)
where the average quark chemical potential is given by
µ = 13
∑
i µi, µe is the electron chemical potential and ρi
denotes number densities (which depend on the chemical
potentials). The neutrino chemical potential is discarded
as they are considered to escape the system. Muons need
not be considered since the electron chemical potential
remains below the muon mass in the present study. At
T = 0 the total energy density of the system is  =
Ω +
∑
f µfρf (where f = u, d, s, e).
As can be seen in Fig. 3(a) for chemical potential val-
ues lower than the dynamical masses the densities are
trivially zero but as one increases µ the process of chiral
restoration is initiated. After the lowest 1st order transi-
tion (µI = 0.325 MeV) the Fermi sea gets populated by
a finite density of up and down quarks, in chemical equi-
librium with the electrons, while the density of strange
quarks remains null until the highest 1st order transition
(µII = 0.409 MeV). For higher chemical potential the
quark densities become comparable (a necessary condi-
tion to obtain SQM) while the electron density vanishes.
7(a) (b) (c)
Figure 1. Phase diagram in the µ − T plane using the parameter set from Table I displaying the two transition lines (first
order/crossover corresponds to the thick/thin lines) associated with the light and strange quarks (outer refers to the strange)
in 1(a). Dynamical mass profiles as a function of temperature at the two chemical potentials indicated in 1(a) by the vertical
lines: µ = 0.300 GeV in Fig. 1(b) and µ = 0.400 GeV in Fig. 1(c). The upper two lines are for Ms, the lower ones for Ml; thick
lines represent physical solutions, thin and dashed lines show relative minima and maxima of the thermodynamic potential,
respectively; first-order transitions are represented as dashed lines connecting two circles. In these figures, µu = µd = µs = µ.
(a) (b)
Figure 2. Dynamical mass of the light quarks in 2(a) and the strange in 2(b) as a function of the chemical potential at the
transitions obtained using the parameter set from Table I with µu = µd = µs = µ. Thin lines correspond to the value at the
crossovers and thick lines to the masses in the first order transitions (at the first order transition a jump occurs from the upper
to the lower branch). In each figure the lower set of lines corresponds to the outermost transition line in 1(a). For the light
quarks a much larger jump occurs at the transition corresponding to innermost line (the two thick lines corresponding to the
outermost transition appear almost undistinguishable in the plot) whereas for the strange quarks the situation is reversed. The
corresponding temperatures can be extracted from Fig. 1(a).
If we restrict ourselves to the consideration of pure
phases these 1st order chiral transitions will give rise to
jumps in the densities as a function of µ:
{
ρ−I , ρ
+
I
}
=
{0, 1.628} ρ0 and
{
ρ−II , ρ
+
II
}
= {3.292, 4.958} ρ0.
The consideration of a mixed phase can however lower
the total thermodynamic potential. This happens in the
intervals of density: 0 < ρ/ρ0 < 1.629 and 2.998 <
ρ/ρ0 < 5.476 (note that these intervals contain the
ones corresponding to the jumps when considering pure
phases). The main difference is that, with the inclusion
of β-equilibrium, the chemical potential and pressure are
no longer constant throughout the mixed phase [105] and
the discontinuity of ρ(µ) disappears. One should note,
nonetheless, that for each total density (or volume frac-
tion) the pressure and chemical potentials of both phases
must be equal for the system to be in mechanical and
chemical equilibrium. Global charge neutrality is assured
by imposing (note that ρe is constant throughout the vol-
ume):
0 =
2
3
(
ρ−u (1− α) + ρ+uα
)
− 1
3
((ρ−d + ρ
−
s )(1− α) + (ρ+d + ρ+s )α)− ρe. (15)
This type of mixed phase construction where we con-
sider two phases in chemical and mechanical equilibrium
with global charge conservation (in this case charge neu-
trality) is a Gibbs construction. An alternative approach
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Figure 3. Number densities for quarks (u, d and s) and electrons (scaled by a factor of 100) as a function of the chemical
potential, µ, are shown in Fig. 3(a) for pure phases. The mixed-phase constructions for both transitions using Gibbs conditions
are described in Figs. 3(b) and 3(c) where besides the number densities of the species involved the volume fraction occupied
by the emerging phases is displayed (the −/+ superscript refers to the lower/higher density phases). The thin vertical dashed
lines refer to the critical chemical potentials of the first order transitions when only pure phases are considered. Note that
on 3(b) both the last portion of the line refering to the denser phase volume fraction and the critical chemical potential are
extremely close to the right-hand side axis and are as such barely visible.
is to consider a Maxwell construction involving fractions
of the volume occupied with the same electrically neutral
phases that we obtain when considering only pure phases
(with the same pressure and baryonic chemical potential
but different individual electron and quarks chemical po-
tentials).
A detailed treatment of a mixed-phase system involves
the consideration of energy contributions coming from
the interface between coexisting phases as well as elec-
trostatic contributions. These however fall outside of the
scope of the present study (for a more detailed discussion
see for instance [106] and references therein). In a Gibbs
construction the interface is considered completely trans-
parent to the interchange of particles (only global charge
neutrality is imposed) whereas in the Maxwell construc-
tion an interface between phases with different chemical
potentials for the individual species must be considered
(charge neutrality is imposed locally).
As in the present work we include no description of the
interface between phases nor the electrostatic contribu-
tion, the Gibbs construction is energetically favourable,
nevertheless for completeness we include both approaches
in our study.
In Figs. 3(b) and 3(c) the chemical potential depen-
dence of the number densities of quarks and electrons and
of the volume fraction is shown for both transitions. The
mixed phase transitions span very different ranges: for
transition I it spans 6 MeV (with µI almost as its upper
limit) and 25 MeV for transition II (roughly centered in
µII). Furthermore, in the second transition the rise of α
is approximately linear along the chemical potential in-
terval whereas in the first transition the rise from 1/100
to 1 is achieved in the last 0.646 MeV of the interval.
In the mixed phase corresponding to transition I we
see that in the limit of vanishing α the densities of up and
down quarks are very close as one would expect from the
β-equilibrium condition. The difference µd − µu = µe
must go to the electron mass for the electron density to
become increasingly small (see Eq. 15): for small α the
charge imbalance from a small portion of quark matter is
being compensated by a large volume of electron gas (in
the low density phase we have ρ−I i = 0 for i = u, d, s). As
α approaches unity the density of down quarks almost
doubles that of up quarks and we enter the regime seen
in the intermediate interval of Fig. 3(a).
During the mixed phase associated with transition II
we see that the density of down quarks remains almost
constant and approximately equal in both phases. The
appearance of strangeness, only present in the denser
phase, is compensated mainly by an increase in the den-
sity of up quarks which is also approximately equal in
both phases. For µ < 417 MeV the denser phase becomes
richer in strange quarks than in up quarks. Note that if
we consider the total number density of species (taking
into account both the high and low density phases) the
ordering is always ρd > ρu > ρs.
In Figs. 4(a) the energy per baryon EA as function
of density is displayed. In the first transition mixed
phase, as α goes to zero the energy per baryon changes
from the β-equilibrium minimum value (when only con-
sidering pure phases the minimum is E/A = 975 MeV)
to a value close to that without β-equilibrium (E/A =
959 MeV) as one expects from the fact that the den-
sities of up and down quarks become very close (see
discussion above). The second mixed phase connects
smoothly the points: {ρ,E/A} = {2.998ρ0, 1.027 GeV}
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Figure 4. In Fig. 4(a) the energy per baryon number, E/A = /ρ, as a function of baryon number density. Below the first order
transition occurring at lower chemical potential there are two small regions of local minima solutions for 0 < ρ/ρ0 < 0.040
and 1.051 < ρ/ρ0 < 1.628 (thin full lines), the first of which is barely visible in the plot, connected by a zone of unstable
solutions. The dot-dashed lines refer to the mixed phase constructions, a zoom of which can be seen in Fig. 4(b). The thicker
dot-dashed line refers to the Gibbs construction whereas the thinner refers to the Maxwell construction (which only exists in
the grey areas). In the interval where they are both defined these constructions lead to lines which almost coincide (apart from
the small density limit ρ . 0.5ρ0).The state equation (pressure as a function of energy density) is shown in Fig. 4(c). The
grey areas correspond to the jumps in density when we restrict the system to pure phases. The line notation (thin, thick and
dashed) is the same as in previous figures.
and {ρ,E/A} = {5.476ρ0, 1.119 GeV}
At densities close to ρ0 we have at most a metastable
solution (at 1.051 ρ0 and 1.017 ρ0, with and without β-
equilibrium, respectively). This inability of the model to
describe bound nuclear matter at the nuclear saturation
density is a well known property for the NJL model [107]
and can be related to the lack of confinement.
We call however attention to the fact that the onset
of stable solutions, after the chiral transition of light
quarks, occurs at densities closer to the nuclear density
as compared to the values reported in [107], ρ = 2.8ρ0
in the chiral limit and ρ = 2.25ρ0 (with mu = md = 5.5
MeV, ms = 140.7 MeV of [108]). Also at this point
E/A ' 975 MeV, closer to the value of nuclear stability
of iron, 930 MeV as compared to the corresponding value
in [108], E/A ' 1100 MeV.
A similar situation occurs at the 1st order transition
leading to the onset of SQM solutions at values of E/A
much closer to nuclear matter stability energies as com-
pared to the values obtained for the NJLH model in [107],
where the smooth crossover of Ms leads to values too
large to support SQM. By extending the NJLH to in-
clude diquarks, a 1st order transition in Ms also occurs
[14], in connection to the 2SC/CFL transition. For the
latter case the E/A values have about the same magni-
tude in the region ρ > 6ρ0 as the ones obtained in the
present study.
Despite the fact that certain pertinent aspects of com-
pact stars, such as the effects of strong magnetic fields
and rotational effects, have not been taken into account
in the present study, one can use the obtained equation
of state, EoS (pressure as function of the energy den-
sity, p(), see Fig. 4(c)), in the integration of the Tol-
man–Oppenheimer–Volkoff equations [109, 110] to obtain
the mass and radius of a neutron star as a function of its
central energy density (or pressure). The obtained maxi-
mum star mass falls short of the recently observed values
of about two solar masses [111, 112] but that should not
be surprising due to these simplifications (furthermore
the presence of more than one first order transition tends
to soften the equation of state thus lowering the maxi-
mum mass). For this simplified scenario we obtain for the
maximal star the following characteristics: a mass and
radius of Mmax = 1.521 M, Rmax = 10.261 km (the val-
ues reported in the literature using the NJLH derived EoS
range from 1 [113] to 1.45 solar masses in [114]) with a
central pressure of pcentral = 0.128 GeV fm
−3 (which cor-
responds to a baryonic density ρcentral = 5.144 ρ0). This
central pressure leads to a core in the mixed phase with a
SQM volume ocupation fraction of α = 0.867. The mixed
phase core has a radius and mass of: Rcore = 4.029 km
Mcore = 0.166 M (of which about one third are in the
SQM phase, MSQM = 0.055 M).
As was previously mentioned the way the interface
between phases in the mixed regime is considered is
radically different in the Gibbs and Maxwell construc-
tions. In the latter pressure is constant throughout the
mixed phase regime and therefore that part of the EoS
does not enter the integration of the TOV equation (a
layer in the mixed phase would be squashed to vanish-
ing thickness as no pressure gradient is present). Using
the Maxwell construction the largest compact star is the
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one with a central pressure corresponding to transition
II (Rmax = 10.412 km and Mmax = 1.544 M) and as
such no stable stars with a SQM core exist in this case.
Regarding the steepness of the EoS, a possible exten-
sion of the model, in line with the tower of relevant multi-
quark interactions at NLO in Nc counting, consists in
the inclusion of the set of spin 1 interactions. It is known
that four quark vector interactions stiffen the equation of
state, however its onset is delayed, making hybrid stars
with a quark core unstable; it was shown in a recent anal-
ysis of the SU(2) NJL model with four and eight quark
spin 0 and spin 1 interactions that the higher order in-
teractions allow to control stiffness without delaying the
onset [115]. The SU(3) extension would provide informa-
tion on the possibility of achieving the necessary stiffness
with this model, while still allowing for SQM at the core
of largest mass stars.
IV. CONCLUSIONS
We conclude highlighting two main results:
By including all non-derivative terms relevant at the
scale of chiral symmetry breaking (NJLH8m) which are
of the same order in Nc counting as the ’t Hooft flavour
determinant considered in the 3 flavour extension of the
NJL model (NJLH), and using sets of parameters which
describe the meson spectra of low-lying pseudoscalar and
scalar meson nonets and the weak decay constants to
great accuracy, we have obtained the chiral T − µ phase
diagram of the model, which displays two critical lines
and respectively two CEP. The second critical line is as-
sociated with the strange quark mass which undergoes a
first order transition, in which it changes abruptly to val-
ues close to its current quark mass in a moderate chemi-
cal potential region, µ ' 410 MeV at T = 0, with strong
consequences for SQM.
When compared to previous studies based in the NJLH
model the density at which SQM emerges using NJLH8m
is lowered to: ρ ' 4.0ρ0 in the case of equal quark chem-
ical potentials, ρ ' 3.3ρ0 in the case of pure phases in
β-equilibrium and ρ ' 3.0ρ0 if we consider a Gibbs con-
structed mixed phase in β-equilibrium.
The energy per particle ratio of SQM is much lower
than in the NJLH; values of similar magnitude as the ones
obtained in NJLH8m are only reached if the NJLH model
is enhanced with diquark interactions, as a consequence
of a first order transition from the 2SC to the CFL phase.
Our study can be refined to include the diquark in-
teractions, although they cannot affect our central re-
sult, i.e. the model’s ability to describe SQM. Diquarks
will increase the number of critical points, opening the
door for new phases in the region of relatively cold and
dense quark matter. One may hope that the combined
effect of explicit symmetry breaking interactions and di-
quarks enhances further the SQM formation, a subject
certainly worth studying, but beyond the scope of the
present work.
The second main result is that the region for the min-
imum of quark matter stability (ρ ' 1.7ρ0, E/A =
958 MeV for the case with equal quark chemical poten-
tials, ρ ' 1.6ρ0, E/A = 975 MeV for the case of pure
phases in β-equilibrium and ρ ' 1.7ρ0, E/A = 959 MeV
for the denser phase in a Gibbs constructed mixed phase
in β-equilibrium) gets pushed much closer to the point of
nuclear matter stability in comparison with other related
model calculations.
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